Abstract. We show that the second Chern character of any projective toric manifold of Picard number three is not ample. In connection with this result, we give various examples of the positivity of higher Chern characters of projective toric manifolds.
Introduction
For a smooth projective variety X over an algebraically closed field and a positive integer k, the k-th Chern character ch k (X) is said to be ample (resp. nef) if the intersection number (ch k (X) · V ) is positive (resp. non-negative) for any k-dimensional closed subvariety V of X. A variety with ch 1 (X) ample is nothing but a Fano variety. Fano varieties with ch 2 (X) nef are called 2-Fano manifolds and they are first studied by de Jong-Starr [JS] in order to investigate the existence of rational surfaces on a Fano variety. Fano d-folds with ch 2 (X) ample and index ≥ d − 2 are classified in [AC] .
In this paper, we focus on the toric case. A toric manifold is a smooth complete toric variety. For d ≥ 2, the d-dimensional projective space P d is a toric manifold and one can easily see that the second Chern character ch 2 (P d ) is ample. On the other hand, we do not know toric manifolds whose second Chern character is ample other than projective spaces at the present moment. Therefore, we study projective toric manifolds of Picard number three in order to find a new example of such toric manifolds. However, on the contrary, we show the following: Theorem 1.1 (Theorem 3.6). The second Chern character of any projective toric manifold of Picard number three which does not have a Fano contraction is not nef.
Moreover, by combining Theorem 1.1 with the known result in [S2] (see Theorem 2.6), we obtain the following: Corollary 1.2 (Corollary 3.7). Let X be a smooth projective toric d-fold of Picard number at most three. If the second Chern character ch 2 (X) of X is ample, then X is isomorphic to the d-dimensional projective space P d .
Also, we deal with the positivity of higher Chern characters of projective toric manifolds. In contrast to the second Chern character, we show that there exists a projective toric manifold with ch k (X) ample other than the projective space for each k ≥ 3. We also give some phenomena which do not appear in the case of the positivity of the second Chern character. This paper is organized as follows: In Section 2, we collect basic results in the toric geometry. We define the positivity of Chern characters for a projective toric manifold. Section 3 is devoted to the calculation of intersection numbers on projective toric manifolds of Picard number three which admit no Fano contraction. As a result, we can show that the second Chern characters of such manifolds are not nef. In Section 4, we introduce various phenomena about the positivity of higher Chern characters.
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Preliminaries
In this section, we introduce the fundamental notation and concepts in the toric geometry. For details, please see [CLS] , [F] and [O] for the toric geometry. Also see [FS] , [M] and [R] for the toric Mori theory. We will work over an algebraically closed field K = K.
Cone(S) stands for the cone generated by S ⊂ N R . For a fan Σ in N, we denote by X = X Σ the toric d-fold associated to Σ. We denote by T = T N the algebraic torus for N. For a smooth complete fan Σ, put G(Σ) := {the primitive generators of 1-dimensional cones in Σ} ⊂ N.
For a cone σ ∈ Σ, we put G(σ) := σ ∩ G(Σ), that is, the set of primitive generators of σ. For any x ∈ G(Σ), there is the corresponding torus invariant divisor D x on X. It is well-known that there exists the following isomorphism of abelian groups:
where A 1 (X) is the group of numerical 1-cycles on X. Thus, we can regard a linear relation among elements in G(Σ) as a numerical 1-cycle on X. For a (d−1)-dimensional cone τ ∈ Σ, there exists a linear relation
where G(τ ) = {x 1 , . . . , x d−1 }, a 1 , . . . , a d−1 ∈ Z and for {y 1 , y 2 } ⊂ G(Σ), G(τ ) ∪ {y 1 } and G(τ ) ∪ {y 2 } generate maximal cones in Σ. This linear relation corresponds to the torus invariant curve C τ associated to τ . We remark that
The following relation is convenient to describe a complete smooth fan:
Definition 2.1 ([B1, Definitions 2.6, 2.7 and 2.8]). Let X = X Σ be a toric manifold. We call a nonempty subset P ⊂ G(Σ) a primitive collection in Σ if P does not generate a cone in Σ, while any proper subset of P generates a cone in Σ.
For a primitive collection P = {x 1 , . . . , x r }, there exists the unique cone σ(P ) ∈ Σ such that x 1 + · · · + x r is contained in the relative interior of σ(P ). Put G(σ) = {y 1 , . . . , y s }. Then, we have a linear relation
We call this relation the primitive relation of P . Thus, by the above argument, we obtain the numerical 1-cycle r(P ) ∈ A 1 (X) for any primitive collection P ⊂ G(Σ). We remark that r − (a 1 + · · · + a s ) = (−K X · r(P )) .
We can characterize toric Fano manifolds using the notion of primitive relations as follows:
Theorem 2.2 ([B2, Proposition 2.3.6]). Let X = X Σ be a toric manifold. Then X is Fano if and only if (−K X · r(P )) > 0 for any primitive collection P in Σ.
In this paper, we study the positivity of the k-th Chern character ch k (X) for a smooth projective toric d-fold X = X Σ . Let D 1 , . . . , D n be the torus invariant prime divisors on X. Then, ch k (X) is described as
We define the positivity (resp. non-negativity) of ch k (X) as follows: Definition 2.3. Let X be a smooth projective algebraic variety of dim
is ample (resp. nef), we say X is ch k -ample (resp. ch k -nef).
For a smooth projective toric d-fold X = X Σ , it is sufficient to check (ch k (X) · Y ) > 0 (resp. ≥ 0) for any torus invariant subvariety Y ⊂ X in Definition 2.3 by the following proposition. The proof is completely similar to the one for [O, Proposition 2.26] in the Japanese version. We describe a sketch of the proof for the reader's convenience.
Sketch of the proof. Let V(σ) be the smallest torus invariant irreducible closed subvariety associated to a cone σ ∈ Σ which contains Y . Obviously, dim
where Relint(τ ) stands for the relative interior of τ , let γ n : K × → T be the corresponding one-parameter subgroup. For a morphism
as sets, where V(τ 1 ), . . . , V(τ l ) are the torus invariant irreducible closed subvarieties associated to τ 1 , . . . , τ l , respectively (see [CLS, Proposition 3.2.2] and [O, Proposition 1.6 (v)] ). Therefore, Y is rationally equivalent to
for positive integers a 1 , . . . , a l . In particular, they are numerically equivalent.
Remark 2.5. When k = 1, we have ch 1 (X) = c 1 (X) = −K X . So, a ch 1 -ample (resp. ch 1 -nef) toric manifold is nothing but a toric Fano (resp. weak Fano) manifold.
It is not difficult to see that the d-dimensional projective space P d is ch k -ample for 1 ≤ k ≤ d. Moreover, for k = 2, the following holds:
Toric manifolds of Picard number 3
In this section, we determine whether a projective toric manifold X of ρ(X) = 3 is ch 2 -ample or not. By Theorem 2.6, we may assume X has no Fano contraction. We use the notation of [B1] throughout this section: 
Then, the primitive relations of Σ are
We may assume c 2 = min{c 2 , . . . , c p 2 } and
respectively. By calculating the rational functions for the dual basis of G(Σ) \ {v 1 , z 1 , u 1 }, we have the relations
In particular, we obtain
On the other hand, the primitive collections of Σ tell us that
for our calculation below.
First of all, we calculate (ch 2 (X) · S 1 ) for the torus invariant subsurface S 1 associated to the (d − 2)-dimensional cone τ ∈ Σ such that G(τ ) = G(Σ) \ {v 1 , y 1 , z 1 , t 1 , u 1 }. In this case, ρ(S 1 ) = 3. Since
We can calculate the intersection numbers as follows:
So, we have the following: Lemma 3.2. If ch 2 (X) is nef, then b 1 ≥ 1 and p 2 > p 3 . In particular, p 2 ≥ 2.
Proof. By the above calculation,
Thus, b 1 and p 2 − p 3 have to be positive.
Next, we treat the case where the Picard number of the torus invariant subsurface S = S τ ⊂ X Σ associated to a (d − 2)-dimensional cone τ ∈ Σ is two. In this case, we can apply the following result: Proposition 3.3 ([S1, Theorem 3.5 and Proposition 4.4]). Let X = X Σ be a projective toric manifold and S = S τ the torus invariant subsurface associated to a (d−2)-dimensional cone τ ∈ Σ in X such that ρ(S) = 2. In this case, S is isomorphic to the Hirzebruch surface F α of degree α ≥ 0. Let G(τ ) = {x 1 , . . . , x d−2 }. We have exactly 4 maximal cones
Cone(G(τ ) ∪ {w 3 , w 4 }) and Cone(G(τ ) ∪ {w 4 , w 1 }) which contain τ for w 1 , w 2 , w 3 , w 4 ∈ G(Σ) such that
We calculate the intersection number (ch 2 (X) · S) for two cases: (1) G(τ ) = G(Σ) \ {v 1 , z 1 , z 2 , t 1 , t 2 } and (2) G(τ ) = G(Σ) \ {v 1 , y 1 , z 1 , z 2 , u 1 }.
(1) G(τ ) = G(Σ) \ {v 1 , z 1 , z 2 , t 1 , t 2 }. We have two linear relations
and Cone(G(τ ) ∪ {z 1 }), respectively. One can easily see that S ∼ = P 1 × P 1 , and we obtain 2(ch 2 (X) · S) = 2(−p 1 − p 4 ) < 0 by Proposition 3.3. So, we have the following by Lemma 3.2:
Lemma 3.4. If ch 2 (X) is nef, then p 3 = 1.
Proof. If p 2 ≥ 2 and p 3 ≥ 2, then (ch 2 (X) · S) < 0. Lemma 3.2 says that p 2 ≥ 2. So, we have p 3 = 1.
Therefore, we may assume p 3 = 1 in the following calculation. (2) G(τ ) = G(Σ) \ {v 1 , y 1 , z 1 , z 2 , u 1 }. First, we remark that this subsurface always exists by Lemma 3.2. We have two linear relations z 1 + z 2 + · · · + z p 2 + t 1 = 0 and
and Cone(G(τ ) ∪ {z 2 }), respectively. One can easily see that S ∼ = F c 2 , and we obtain
by Proposition 3.3. If p 2 ≥ 3, we have
Thus, we obtain the following lemma (see Lemma 3.2):
Lemma 3.5. If ch 2 (X) is nef, then p 2 = 2 and c 2 − 2(b 1 + 1) ≥ 0.
Thus, we conclude the following:
Theorem 3.6. Let X be a projective toric manifold. If ρ(X) = 3 and X has no Fano contraction, then ch 2 (X) is not nef.
Proof. Suppose that ch 2 (X) is nef. Then, we may assume that p 2 = 2, p 3 = 1, b 1 ≥ 1 and c 2 − 2(b 1 + 1) ≥ 0 by Lemmas 3.2, 3.4 and 3.5. However, the last inequality obviously contradicts the another inequality
By combining Theorems 2.6 and 3.6, we have the following: Corollary 3.7. If X = X Σ is a ch 2 -ample smooth projective toric d-fold and ρ(X) ≤ 3, then X ∼ = P d .
Positivities of higher Chern characters
In this section we study toric manifolds X with ch k (X) nef for k ≥ 3. In the case d = k, it is not difficult to construct toric d-folds X with ch d (X) ample.
Example 4.1. Let d ≥ 3 and a ≥ 1. Let X = X Σ be a toric manifold of ρ(X) = 2 such that G(Σ) = {x 1 , x 2 , x 3 , y 1 , . . . , y d−1 } and the primitive relations of Σ are
Then X is isomorphic to the P d−2 -bundle
the torus invariant divisors in Pic(X) associated to x 1 , x 2 , x 3 , y 1 , . . . , y d−1 , respectively. Then we have the relations
in Pic(X). We can calculate the intersection numbers as follows:
Thus, ch d (X) is ample. Note that X is Fano if a ≤ 2 (this follows from Theorem 2.2).
Next we consider the case d > k. For odd k, there is a toric d-fold X with ch k (X) ample. However, our example does not provide an example of a toric manifold with ch k (X) ample for even k. 
Remark 4.3. In Proposition 4.2, X is isomorphic to the P 1 -bundle 
in Pic(X). Put τ 1 (resp. τ 2 ) as the (d − k)-dimensional cone in Σ whose generators are x 1 , . . . , x d−k (resp. x 1 , . . . , x d−k−1 , y 1 ). We denote by V i the k-dimensional torus invariant closed subvariety of X associated to τ i for i = 1, 2. It follows from Proposition 2.4 and the relations in Pic(X) that ch k (X) is ample (resp. nef) if and only if (ch k (X) · V i ) is positive (resp. non-negative) for each i = 1, 2. Since Proof. Any toric manifold of Picard number two is a projective space bundle over a projective space. Let s − 1 be the dimension of a fiber. If s = 2, then ch 4 (X) is not ample by Proposition 4.2. Thus, it suffices to prove the assertion in the case s ≥ 3.
(1) The case where s = 3. Let X = X Σ be a toric manifold of ρ(X) = 2 such that G(Σ) = {x 1 , . . . , x d−1 , y 1 , y 2 , y 3 } and the primitive relations of Σ are x 1 + · · · + x d−1 = a 1 y 1 + a 2 y 2 and y 1 + y 2 + y 3 = 0, where a 1 ≥ a 2 ≥ 0. Then X is the P 2 -bundle
. We denote by D 1 , . . . , D d−1 , E 1 , E 2 , E 3 the torus invariant divisors in Pic(X) associated to x 1 , . . . , x d−1 , y 1 , y 2 , y 3 , respectively. Then we have the relations
for i = 1, 2 in Pic(X). Put τ as the (d − 4)-dimensional cone in Σ whose generators are x 1 , . . . , x d−5 , y 1 . We denote by V the 4-dimensional torus invariant closed subvariety of X associated to τ . We show (ch
We calculate the intersection number as follows:
(2) The case where s ≥ 4. Let X = X Σ be a toric manifold of ρ(X) = 2 such that G(Σ) = {x 1 , . . . , x d−s+2 , y 1 , . . . , y s } and the primitive relations of Σ are
. . , E s the torus invariant divisors in Pic(X) associated to x 1 , . . . , x d−s+2 , y 1 , . . . , y s , respectively. Then we have the relations In every case, ch 4 (X) is not ample.
